This paper is concerned with an interpretation and analysis on the elasto-plastic lateral torsional buckling of beams in a simplified manner by means of catastrophe theory. The numerical analysis does not require having recourse to the ordinary nonlinear numerical procedures, but can be performed using a relatively small microcomputer.
INTRODUCTION
Beams constitute one of the most important civil enineering structures. Slender beams under bending in the plane of the maximum flexural rigidity can become unstable by the combination of twist and lateral deflection, This buckling phenomenon is usually referred to as the lateral torsional buckling. Beams with low torsional rigidity such as of narrow rectangular section or I-section are known to be vulnerable to this phenomenon unless they are laterally supported.
Since prandtl's initiative study on the lateral elastic buckling in 1899, a great number of researches have been underway including the elasto-plastic buckling.
The early developments of the study have been surveyed by G. C.
Lee in his literature survey's. A method of summarizing a great number of available theoretical solutions in a useful way has been suggested by Nethercot and Rockey'%. The detailed discussions on the basic concepts underlying the lateral buckling and on the design methods in various countries are provided in a text book by Allen and Bulson2t.
The current interests in the design of laterally unsupported beams are now focused on their elasto-plastic strength taking into account such effects as the support conditions, the shape of bending moment distribution, the position of load application, the shape of cross section, the residual stresses and geometrical imperfections;.
In this paper, however, the main interest of the study is focused on the application of the catastrophe theory in the elasto-plastic range. Thus, only the simplest models of beams are considered herein.
BASIC ASSUMPTIONS
The basic assumptions made herein are summarized as follows (2)
Both ends are simply supported, namely, u=u"=="=0 at z=0 and z=l..
(1) where the prime designates the differentiation with respect to z.
The material is ideally perfectly elasto-plastic as is shown in Fig. 2 
(4)
Residual stress is taken into account only in the flange plates. It is assumed to be distributed in the triangular form as shown in Fig. 3 , where crr refers to the magnitude of the residual stress.
The cross section does not undergo distortion.
Neither the gravity center nor the shear center changes the original position.
The plastic portion of the cross section is assumed to provide no resistance to further bending. (8) The rotation and the geometric imperfection are assumed only in the following form:
c= B sin -, o= Bo sin rrJ (2)
The vertical deflection v is assumed to be small.
(1) Elastic Buckling Before discussing the elasto-plastic buckling, let us briefly summarize the classical elastic buckling problem.
If the global and local coordinate system is designated respectively by (x, y, z) and (77,), then the small deformations of the beam in x. and y. direction are sketched as in Fig. 4 Since the direction cosines are related as shown in 
The substitution of the 3rd equation of Eq. (4) into the 1st equation yields the following well-known equation
The case of plastic buckling has been treated by Kachanov within the framework of the theory of plasticity making a modification to the elastic moduli*. One may assume that flexural and torsional rigidities are reduced in accordance with the tangent modulus theory like Flint6). The more accurate analyses for I-beams have been proposed by Nethercot and Galambos8 in such a fashion that a perfect elasto-plasticity is assumed and the torsional rigidity remains at its elastic value; whereas, the flexural and warping rigidity are reduced by the tangent modulus factor.
It is concluded that the lateral buckling strength, Mgr, can be reduced by as low as 30 % for some range of the slenderness ratio if the residual stress is present.
(2) Elasto-Plastic Lateral Buckling The proposed analysis is based on the modification of the elastic equations9 hl). The residual stress distibution considered herein is of the triangular form in the flanges and the stress distribution will become as shown in 
where k and k' refers to the ratio of the elastic portion of the compression and the tension flange, respectively, to the total width of the cross section.
Thus the equation of equilibrium, originally given by Eq (6 ) can be modified in the following form: ** k1EI5GJ e-k3EI5ECw9be -6Mz where e -6 -o initial twist, namely, the imperfection 
Following the procedure adopted in the analysis of elasto-plastic buckling of columns, the secant factor f(8e) can be evaluated in the form f (Be)=f c+ I f tcBe where f cC= A I e-0 (13) Let the surface of the equilibrium be designated by M, and let it be expressed in terms of the coordinates (8, 00, Mx), then it can be graphically drawn as shown in Fig. 6 .
The solid curve ACE or ACF corresponds to the perfect system, 00-=0. Moreover, the critical pathological curve can be obtained in such a way th.ac the mapping from a set of coordinates (e, 00) to that of (00, M T) through equilibrium surface Mu becomes singular. This is equivalent to say that the Jacobian J(00, Mx ; 9, 8) vanishes or the second partial derivative of (T(0, 00, Mx) with respect to 6 vanishes.
It has been demonstrated in reference 9) that the stability of the system can be discussed by evaluating the partial derivatives of the pseudo-potential such as shown subsequently:
For the perfect beam free from the imperfection, it follows that M=(f e+f i9)ECwEI5 () (15) Fig. 6 . Consequently, the buckling point and its vicinity are characterized by the stable symmetric buckling in a global sense. This implies that there exists no extremum value of Mx around here and the evaluation of the imperfection sensitivity must be performed at some point other than this buckling point*.
The elasto-plastic buckling moment can be computed from Eq. (16) by letting fe= Ic4. For simplicity, let us assume that the residual stress in the web is self-balanced and the in-plane bending strain of the web is equal to that of the flange at the junction to each flange and that the effect of the residual stress in the web upon the yielding of the web is negligible. Then, the stress distribution in the web can be seen to be symmetric with respect to the x-x axis and Mxcr can be obtained in a reasonably approximate manner with the aid of Fig. 7 , and using the average 
The cross sections are conveniently assumed to be Fig, 9 , Equilibrium space M and singular bifurcation set.
46s
A The elasto-plastic lateral torsional buckling of beams may be basically interpreted to be the fold catastrophe.
(2) The lateral torsional buckling strength of beams may be evaluated in terms of the bifurcation set in the catastrophe terminology and thus can be characterized by the 1/2-power rule.
The lower bounds of the tested results of beams quoted here can be well predicted by the proposed bifurcation set.
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